Published by Institute of Physics Publishing for SISSA/ISAS Received: April 8, 2004 Revised: May 28, 2004 Accepted: May 28, 2004

Seiberg-Witten map for superfields on N = (1/2, 0) and N = (1/2, 1/2) deformed superspace

Džo Mikulović

Universität München, Fakultät für Physik Theresienstr. 37, D-80333 München, Germany E-mail: dzo@theorie.physik.uni-muenchen.de

Abstract: In this paper we construct the Seiberg-Witten maps for superfields on the θ − θ deformed superspaces with N = (1/2, 0) and N = (1/2, 1/2) supersymmety. We show that on the N = (1/2, 0) deformed superspace there is no Seiberg-Witten map for antichiral superfields which is at the same time antichiral, local and which preserves the N = (1/2, 0) supersymmetry. Solutions which break this requirements are presented. On the N = (1/2, 1/2) deformed superspace we show that for the chiral gauge parameter, and therefore also for the chiral matter field, there is no chiral Seiberg-Witten map. Some other possible Seiberg-Witten maps for the superfields are presented.

Keywords: Gauge Symmetry, Superspaces, Non-Commutative Geometry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep052004077 /jhep052004077 .pdf

Contents

1. Introduction 1

2. N = (1/2, 0) deformed euclidean superspace 2 2.1 Symmetries 3 2.2 Star product 4 2.3 Covariant derivatives and (anti)chiral superfields 4 2.4 Gauge theory and restriction of the gauge group 5 2.5 Construction of the Seiberg-Witten map in terms of component fields 7 2.6 Construction of the Seiberg-Witten map in terms of superfields 9 2.7 Seiberg-Witten map for the gauge parameters 10 2.8 Seiberg-Witten maps for the matter and gauge fields 11 2.9 Seiberg-Witten map for the field strengths and Yang-Mills action 12

3. N = (1/2, 1/2) deformed euclidean superspace 13 3.1 Construction of the Seiberg-Witten maps in terms of superfields 14 3.2 Seiberg-Witten maps for gauge parameters 15 3.3 Seiberg-Witten maps for matter and gauge fields 16

4. Conclusions 17

1. Introduction

Field theories on canonically deformed space

[x̂^i, x̂^j] = iθ^{ij} , θ^{ij} = −ϑ^{ji} ∈ R , (1.1)

have recently attracted much attention (for reviews and an exhaustive list of references see [1, 2, 3]), mainly due to the discovery of this noncommutative space in string theory [4, 5, 6]. Based on the existence of different regularization procedures in string theory, Seiberg and Witten claimed in [6] that certain noncommutative gauge theories are equivalent to commutative ones. In particular, they argued that there exists a map from a commutative gauge field to a noncommutative one, which is compatible with the gauge structure of each. This map has become known as the Seiberg-Witten map.

In [7]–[10] gauge theory on noncommutative space was formulated using the Seiberg- Witten map. In contrast to earlier approaches [12]–[15], this method works for arbitrary gauge groups. Using this method the problems of charge quantization [16, 17] and tensor product of gauge groups [15] were solved and the standard model and GUT’s were formulated at the tree level on noncommutative space [18, 19].

– 1 –

Non(anti)commutative superspaces naturally arise in string theory as well with x − x deformation (canonical deformation) [20], θ − θ deformation [21, 22, 23] and x − θ deformation [24]. General deformed superspaces were first studied more closely in [25, 26] and recently in [27] and in connection with the supermatrix model in [28, 29].

Since the work of Seiberg [23], various aspects of field theory were considered on the θ−θ deformed superspace with N = (1/2, 0) supersymmetry. Renormalization properties of the Wess-Zumino model and gauge theories were considered in [30]–[37]. Solitons, instanton solutions and some nonpertubative aspects were considered in [38]–[43]. The generalization to N = 2 and other interesting features have been explored in [44]–[56].

Till now, on the θ−θ deformed superspace gauge theories were defined without Seiberg- Witten map. Similar to the nonsupersymmetric case, without the Seiberg-Witten map only gauge theories for the U(N) gauge group can be formulated [45, 42]. Hence, in order to consider arbitrary gauge groups we are forced to determine the Seiberg-Witten maps for superfields.

In [57] it was shown, that on canonically deformed N = 1, d = 4 euclidean superspace there exist a local, chiral and supersymmetric Seiberg-Witten map for chiral superfields if we take the noncommutativity parameter to be selfdual. If the noncommutativity parameter is antiselfdual, there exist a local, antichiral and supersymmetric Seibeerg-Witten map for antichiral superfields. Furthermore, it was shown that on the canonically deformed N = 1, d = 4 Minkowski superspace the Seiberg-Witten map is not compatible with locality, (anti)chirality and supersymmetry at the same time.

It is an interesting question, if we face the same problems on the θ − θ deformed superspace. The aim of this paper is to answer this question. First we will recapitulate some well known properties of the N = (1/2, 0) deformed euclidean superspace [23] and construct the Seiberg-Witten maps in terms of component fields just to get some feeling for the problems which will occur. Thereafter we will construct the Seiberg-Witten maps in terms of superfields and discuss briefly their properties. Finally we make the same considerations on the N = (1/2, 1/2) deformed superspace [27, 54]. We use the conventions of [58].

2. N = (1/2, 0) deformed euclidean superspace

We consider the following deformed superspace [23]: [x̂^i, x̂^j ] = θ̄θ̄C^{ij} , R̂ : [x̂^i, θ̂^α] = iC^{αβ}σ^m_{ββ̇} ^̄θ^˙β , [x̂^i, ^̄θ^˙β] = 0 ,

{θ̂^α, θ̂^β} = C^{αβ} , {^̄θ^{α̇}, ^̄θ^{β̇}} = {θ̂^α, ^̄θ^{α̇}} = 0 , (2.1)

where C^{αβ} is a constant, symmetric deformation parameter and

C^{ij} = C^{αβ}ε_{βγ} (σ^{ij} )^γ_α (2.2)

is selfdual. Useful identities are C^{αβ} = 1 2 ε^{αγ} (σ^{ij} )^β_γ C_{ij} , (2.3)

|C|^2 = C^{ij}C_{ij} = 4 det C . (2.4)

– 2 –

Non(anti)commutativity is indicated by a hat. On this deformed superspace ^̄θ is not the complex conjugate of θ̂, which is possible only in euclidean space. We will be working on euclidean R̂^4 , but we will continue to use the lorentzian signature notation.

Using y^m = x^m + iθσ^mθ̄ we can accompany (2.1) with

[ŷ^i, ŷ^j ] = 0 , R̂ : [ŷ^i, θ̂^α] = 0 , [x̂^i, ^̄θ^˙β] = 0 , {θ̂^α, θ̂^β} = C^{αβ} , {^̄θ^{α̇}, ^̄θ^{β̇}} = {θ̂^α, ^̄θ^{α̇}} = 0 . (2.5)

Thus it is obvious to consider the deformed chiral superspace (2.5) instead of (2.1). Noncommutative functions and fields are defined as elements of the noncommutative algebra

Â = C [[ŷ^i, θ̂_α, ^̄θ_{α̇}]] I_{R̂} , (2.6)

where I_{R̂} is the two-sided ideal created by the relations (2.5).

The derivatives act on the coordinates as in the classical case

[ ^∂_i, ŷ^j ] = δ^j_i , { ^∂_α, θ̂^β} = δ^β_α , . . . (2.7)

If nothing else is said ∂_i is the derivative according to the coordinate y^i. When C^{αβ} is invertible, the fermionic derivatives ∂_α are internal operations in the algebra Â and they are given by^1 ^∂_αF̂ (x̂, θ̂, ^̄θ) = C^{−1}_{αβ} ( θ̂^βF̂ − (−1)^{p(F̂ )}F̂ θ̂^β ) , (2.8) which leads to the classical relation

{ ^∂_α, ^∂_β } = 0 . (2.9)

2.1 Symmetries The algebra (2.1) is covariant under the group of classical supertranslations parameterized by (â, ξ̂, ^̄ξ) x̂^{′m} = x̂^m + â^m + iθ̂σ^m ^̄ξ − iξ̂σ^m ^̄θ , θ̂^′_α = θ̂_α + ξ̂_α , ^̄θ^′_{α̇} = ^̄θ_{α̇} + ^̄ξ_{α̇} . (2.10)

which is generated by the complex charges Q̂_α, ^̄Q_{α̇} and the four momentum P̂_m. On the deformed chiral superspace (2.5) the generators have the form P̂_m = i ^∂_m , (2.11) Q̂_α = ^∂_α , (2.12) ^̄Q_{α̇} = − ^̄∂_{α̇} + 2i(θ̂σm)_{α̇} ^∂_m , (2.13)

1p(F̂ ) = { 0 : F̂ bosonic 1 : F̂ fermionic

– 3 – and satisfy following deformed supersymmetry algebra

[P̂_m, P̂_n] = [P̂_m, Q̂_α] = [P̂_m, ^̄Q_{β̇}] = 0 , (2.14) {Q̂_α, Q̂_β} = 0 , (2.15) {Q̂_α, ^̄Q_{β̇}} = 2 σ^m_{αβ̇} P̂_m , (2.16) { ^̄Q_{α̇}, ^̄Q_{β̇}} = 4C^{αβ}σ^m_{αα̇}σ^n_{ββ̇}P̂_mP̂_n . (2.17)

2.2 Star product It is convenient to use the star product formulation of the algebra. This means that we use the commutative coordinates and functions but replace the ordinary product by the star product. The star product on this deformed superspace is

F (θ) ∗ G(θ) = exp ( − 1 2 C^{αβ}∂^F_α ∂^G_β ) F (θ) G(θ) = F G − 1 2 (−1)^{p(F )}C^{αβ}∂_αF ∂_βG − det C^{αβ} ∂ ∂(θθ) F ∂ ∂(θθ) G . (2.18)

∂^F_α act only on F and ∂^G_β act only on G, e.g.

∂^G_β (F G) = (−1)^{p(F )}∂_β G . (2.19)

Also, similar to the case of the Weyl-Moyal star product [59, 60] one can show that ∫ d^2θF (θ) ∗ G(θ) = ∫ d^2θF (θ)G(θ) , (2.20)

which correspond to the fact that the difference

F (θ) ∗ G(θ) − F (θ)G(θ) = ∂_α(· · ·)^α (2.21)

is a total Grassmann derivative not surviving the Grassmann integration.

The star product (2.18) is invariant under Q and therefore we expect it to be a symmetry of the space. However, since Q̄ depends explicitely on θ, it is clear that the star product is not invariant under Q̄. Therefore, Q̄ is not a symmetry of the noncommutative space. Since half of the N = (1/2, 1/2) supersymmetry is broken, we can refer to the unbroken Q supersymmetry as N = (1/2, 0) supersymmetry.

2.3 Covariant derivatives and (anti)chiral superfields On the deformed chiral superspace the covariant derivatives also have the standard expressions

D_α = ∂_α + 2i(σ^mθ̄)_α∂_m , (2.22) D̄_{α̇} = − ¯∂_{α̇} , (2.23)

– 4 – and satisfy

{D_α, D̄_{α̇}} = −2iσ^m_{αα̇}∂_m , (2.24) {D_α, D_β } = {D̄_{α̇}, D̄_{β̇} } = 0 , (2.25) {D_α, Q_β} = {D̄_{α̇}, Q_β } = {D_α, Q̄_{β̇} } = {D̄_{α̇}, Q̄_{β̇}} = 0 . (2.26)

Note that the change to the chiral superspace (2.5) was needed since otherwise D_α would not be a derivation with respect to the star product. Furthermore, because of the relations (2.26) we can use the covariant derivatives as in the classical case to define chiral and antichiral superfields. Chiral superfields are defined to satisfy ^̄D_{α̇}Φ̂ = 0 and antichiral satisfy D̂_{α̇} ^̄Φ = 0, respectively. In components it is Φ̂(ŷ, θ̂) = Â(ŷ) + √ 2θ̂ψ̂(ŷ) + θ̂θ̂F̂ (ŷ) , (2.27) ^̄Φ(^̄y, ^̄θ) = ^̄A(^̄y) + √2θ̂ ^̄ψ(^̄y) + θ̂θ̂ ^̄F (^̄y) (2.28)

where ^̄y^m = ŷ^m − 2iθ̂σ^m^̄θ. The vector superfield will be considered in the next section.

Two chiral superfields are multiplied using the star product (2.18). Clearly, the result is a function of y and θ and therefore it is a chiral superfield. Two antichiral superfields of the form (2.28) can be multiplied as

Φ̄_1(ȳ_1, θ̄) ∗ Φ̄_2(ȳ_2, θ̄) = exp ( 2θ̄θ̄C^{ij} ∂ ∂ȳ^i_1 ∂ ∂ȳ^j_2 ) Φ̄_1(ȳ_1, θ̄) Φ̄_2(ȳ_2, θ̄) | | y_1,y_2 → y

= Φ̄_1(ȳ, θ̄)Φ̄_2(ȳ, θ̄) + 2θ̄θ̄C^{ij} ∂ ∂ȳ^i Φ̄_1(ȳ, θ̄) ∂ ∂ȳ^j Φ̄_2(ȳ, θ̄) . (2.29)

The result is an antichiral superfield.

2.4 Gauge theory and restriction of the gauge group Consider the noncommutative gauge transformation of a chiral superfield Φ̂

δ_ΛΦ = −iΛ ∗ Φ , (2.30)

with the Lie algebra valued noncommutative gauge parameter Λ̂ = Λ̂_aT^a and ^̄DΛ̂ = 0 in order to preserve chirality. T^a are generators of the appropriate gauge group and form the Lie algebra [T^a, T^b] = if^{ab}_c T^c . (2.31) The commutator of two gauge transformations has the same form as in the classical case

δ_Λδ_Σ − δ_Σδ_Λ = δ_{i[Λ}∗_{,Σ]} , (2.32)

but the commutator

[Λ^∗, Σ] = 1 2 {Λ_a^∗, Σ_b}[T^a, T^b] + 1 2 [Λ_a^∗, Σ_b]{T^a, T^b} (2.33)

only closes into the Lie algebra if the gauge group under consideration is U(N). This was already shown in the same way in [45] and in the context of instanton calculus in [42]. Thus in this setting gauge theories with gauge groups SU(N) can not be considered. However, using Seiberg-Witten map we can consider SU(N) or arbitrary groups.

– 5 –

The N = (1/2, 0) supersymmetric U(N) gauge theory is defined as follows [23, 46]. The gauge symmetry acts on the real Lie algebra valued vector superfield infinitesimally as

δ_ΛV = −iΛ̄ ∗ e^V_∗ + ie^V_∗ ∗ Λ , (2.34)

where the noncommutative exponential function is defined as

e^F_∗ = ∞∑ n=0 1 n! (F )^n_∗ = 1 + F + 1 2 F ∗ F + 1 6 F ∗ F ∗ F + · · · (2.35)

and Λ and Λ̄ are matrices of chiral and antichiral superfields respectively. The noncommutative chiral and antichiral field strenghts

W_α = − 1 4 D̄ ∗ D̄ e^{−V}_∗ ∗ D_α ∗ e^V_∗ , (2.36)

W̄_{α̇} = 1 4 D ∗ D e^V_∗ ∗ D̄_{α̇} ∗ e^{−V}_∗ , (2.37)

transform under (2.34) as

δ_ΛW_α = i[W_α^∗, Λ] , (2.38) δ_ΛW̄_{α̇} = i[W̄_{α̇}^∗, Λ̄] , (2.39)

Fixing the gauge freedom by a non(anti)commutative counterpart of the Wess-Zumino gauge, the vector superfield is reduced to V (y, θ, θ̄) = −θσ^mθ̄v_m(y) + iθθθ̄λ̄(y) − iθ̄θ̄θ^α ( λ_α(y) + 1 2 ε_{αβ} C^{βγ} σ^m_{γγ̇}λ̄^{γ̇} v_m ) + + 1 2 θθθ̄θ̄ (d(y) − i∂_mv^m(y)) , (2.40) where, following [23], θ̄θ̄θ term is modified so that the standard gauge transformation rule follows for component fields. Then the remaining infinitesimal gauge symmetry (2.34), which preserves the gauge choice (2.40) is

Λ(y, θ) = −α(y) , (2.41) Λ̄(ȳ, θ̄) = −α(ȳ) − iθ̄θ̄C^{ij}(∂_iαv_j )(ȳ) . (2.42)

We also couple matter systhem by introducing a set of (anti)chiral superfields transforming in appropriate representations of the gauge group, i.e. the (anti)fundamental one

δ_ΛΦ = −iΛ ∗ Φ , δ_ΛΦ̄ = iΦ̄ ∗ Λ̄ . (2.43)

Again, to ensure the standard gauge transformations of the component fields, we have to modify the antichiral field (2.26) as [46]:

Φ̄(ȳ, θ̄) = Ā(ȳ) + √ 2θψ̄(ȳ) + θθ ( F̄ (ȳ) + iC^{ij} ∂_iĀv_j (ȳ) + 1 4 C^{ij}Āv_iv_j (ȳ) ) . (2.44)

– 6 –

Then the N = (1/2, 0) supersymmetric gauge theory is described by the following Lagrange density L = L_{Y M} + L_{int} (2.45)

where

L_{Y M} = Tr W^α ∗ W_α|_{θθ} + Tr W̄_{α̇} ∗ W̄^{α̇}|¯_θ¯_θ , (2.46) L_{int} = Φ̄ ∗ e^{eV}_∗ ∗ Φ|_{θθ}¯_θ¯_θ . (2.47)

The component expansions of the Lagrange densities (2.46) and (2.46) are [23, 46]

L_{Y M} = L_{Y M} (C = 0) − 2iC^{ij} Tr f_{ij}λ̄λ̄ + |C|^2 2 Tr(λ̄λ̄)^2 , (2.48)

L_{int} = L_{int}(C = 0) + i 2 C^{ij}f_{ij}ĀF − √ 2 2 C^{αβ}σ^m_{αα̇}λ̄^{α̇}ψ_βD_mĀ − |C|^2 16 Āλ̄λ̄F , (2.49)

where

f_{ij} = ∂_iv_j − ∂_j v_i + i 2 [v_i, v_j ] , (2.50)

D_mĀ = ∂_mĀ + i 2 v_mĀ . (2.51)

2.5 Construction of the Seiberg-Witten map in terms of component fields To determine the Seiberg-Witten map we start with the Seiberg-Witten equation for the gauge superfield V̂ V̂ (V ) + δ̂_{Λ̂}V̂ (V ) = V̂ (V + δ_ΛV ) . (2.52)

The hat indicate the dependence on the classical fields. To simplify matters we consider the abelian case and furthermore choose the Wess-Zumino gauge in which the superfields V̂ , Λ̂ and ^̄Λ have the forms (2.40), (2.41) and (2.42).

Following the procedure described in [6, 57] we expand first the superfields in the non(anti)commutative parameter C^{αβ}

V̂ = V + V^′ (V, C^{αβ} ) + o(C^2) , (2.53) Λ̂ = Λ + Λ^′ (Λ, V, C^{αβ} ) + o(C^2) , (2.54)

and solve the Seiberg-Witten equation (2.52) perturbatively order by order in the noncommutativity parameter C^{αβ}. To zeroth order we get the classical gauge transformations. To first order we get

V^′ − V^′ (V + δ_ΛV ) + i(Λ^′ − Λ̄^′ ) = i 2 C^{αβ} ∂_αV ∂_β(Λ + Λ̄) , (2.55)

From this equation we can read off the Seiberg-Witten equations for the component fields. With the assumption that the noncommutative component fields depend only on their

– 7 – classical counterparts and the classical gauge field v_m, we get the following Seiberg-Witten equations for component fields to first order in C^{αβ}

v^′_m(v) − v^′_m(v + δ_αv) − 2 ∂_mα^′(α, v) = 0 , (2.56) λ^′(v, λ) − λ^′(v + δ_αv, λ) = 0 , (2.57) λ̄^′(v, λ̄) − λ̄^′(v + δ_αv, λ̄) = 0 , (2.58)

d^′(v, d) − d^′(v + δ_αv, d) = 0 , (2.59)

since in the abelian case δ_αλ = δ_αλ̄ = δ_αd = 0.

These equations have the same form as the homogenous Seiberg-Witten equations in the case of canonically deformed superspace [61, 62, 57]. However, we can not simply take the known homogenous solutions from canonically deformed superspace since the mass dimension of the noncommutativity parameters differs.

With the help of dimensional analysis we can see that there are no local solutions of the equations (2.56)–(2.59). We will demonstrate this briefly with the Seiberg-Witten map for the gauge field v_m. The mass dimesions of v_m, the bosonic derivative ∂_m and the noncommutativity parameter C^{ij} are

[v_m] = [∂_m] = 1 , [C^{ij}] = −1 . (2.60)

For the Seiberg-Witten map for v^′_m we make the ansatz v^′_m(C, v) = C^{ij}F_{ijm}(v, ∂v, . . .) . (2.61) whereas F_{ijm}(v, ∂v, . . .) represent all possible local terms one can build from the gauge field v_m and its derivatives with the given index structure. Thus the mass dimension of F_{ijm}(v, ∂v, . . .) is [F_{ijm}(v, ∂v, . . .)] ≥ 3 , (2.62) and we get the wrong mass dimension for the field v^′_m. From equation (2.53) it is obvious that v^′_m has the same mass dimension as v_m. The same can be shown for α^′, λ^′, λ̄^′ and d^′.

By considering equation (2.55), it is more naturale to assume that the noncommutative component fields v^′_m, λ^′ etc. could depend on every classical field of the gauge supermultiplet and not only on their classical counterpart e.g. v^′_m = v^′_m(v, λ, λ̄, d, ∂v, ∂λ, . . .) . (2.63) In this case there exist local Seibeerg-Witten maps with right mass dimension only for the field d^′ e.g. d^′ = aC^{ij}λσ_{ij}λ , (2.64) where a is a arbitrary constant.

One interesting question is if the nonlocal Seiberg-Witten maps lead to an action which is invariant under N = 1/2 supersymmetry. This question is automatically answered by solving the Seiberg-Witten equation in terms of superfields. For this we will apply the method developed by Wess and collaborators in [7]–[10] to determine the Seiberg-Witten maps for the superfield case.

– 8 –

2.6 Construction of the Seiberg-Witten map in terms of superfields We consider again the noncommutative gauge transformations of the chiral and antichiral matter fields (2.43), but with enveloping algebra valued gauge parameters Λ̂ and ^̄Λ, e.g.

Λ̂ = Λ_aT^a + Λ^′_{ab} : T^aT^b : +Λ^{′′}_{abc} : T^aT^bT^c : + · · · , (2.65)

where Λ^′ is linear in C^{ij}, Λ^{′′} is quadratic in C^{ij}, etc.The dots indicate that we have to sum over a basis of the vector space spanned by the homogenous polynomials in the generators T^a of the Lie algebra.

The commutator of two transformations (2.43) is certainly enveloping algebra valued. Hence we can use arbitrary Lie groups but the price we seem to have to pay is an infinite number of gauge parameters and an infinite number of gauge fields.

To avoid this problem we define new gauge transformations, where all these infinitely many gauge parameters depend just on the classical gauge parameter Λ or Λ̄ respectively, the classical gauge field V and on their derivatives. We assume moreover that all superfields considered (e.g. Φ̂, V̂ ) depend on their classical counterparts, the classical gauge field V and on their derivatives. This dependence, which we call Seiberg-Witten map, will be denoted by Λ̂(Λ, V ), ^̄Λ(Λ̄, V ), ^̄Φ(Φ, V ) and V̂ (V ).

The gauge transformations for the noncommutative chiral and antichiral matter fields and the noncommutative gauge field now have the form

δ_ΛΦ̂(Φ, V ) = −iΛ̂(Λ, V ) ∗ Φ̂(Φ, V ) , (2.66) δ_Λ ^̄Φ(Φ̄, V ) = i^̄Φ(Φ, V ) ∗ ^̄Λ(Λ̄, V ) , (2.67) δ_ΛV̂ (V ) = −i^̄Λ(Λ̄, V ) ∗ e^{V̂ (V )}_∗ + ie^{V̂ (V )}_∗ ∗ Λ̂(Λ, V ) . (2.68)

Since equation (2.32), called consistency condition in [10], involves solely the gauge parameters, it is convenient to base the construction of the Seiberg-Witten map on it and on the corresponding condition for the gauge parameters of the antifundamental representation. In a second step the remaining Seiberg-Witten maps for the matter fields and the gauge field can be computed from the equations (2.66)–(2.68).

The procedure in the abelian case is the following. As was mentioned, we start with the consistency conditions which have the following form in the abelian case

(δ_Λδ_Σ − δ_Σδ_Λ) Φ̂(Φ, V ) = 0 , (2.69) (δ_Λδ_Σ − δ_Σδ_Λ) ^̄Φ(Φ̄, V ) = 0 . (2.70)

With equations (2.66) and (2.67) we get more explicitly

iδ_ΛΣ̂(Σ, V ) − iδ_ΣΛ̂(Λ, V ) + Σ̂(Σ, V ) ∗ Λ̂(Λ, V ) − Λ̂(Λ, V ) ∗ Σ̂(Σ, V ) = 0 , (2.71) iδ_Λ ^̄Σ(Σ, V ) − iδ_Σ ^̄Λ(Λ, V ) + ^̄Σ(Σ, V ) ∗ ^̄Λ(Λ, V ) − ^̄Λ(Λ, V ) ∗ ^̄Σ(Σ, V ) = 0 . (2.72)

The variation δ_ΛΣ̂(Σ, V ) refers to the V -dependence of Σ̂(Σ, V ) and the gauge transformation of the supersymmetric abelian gauge field V

δ_ΛV = i(Λ − Λ̄) . (2.73)

– 9 –

We now expand the consistency conditions and the gauge transformations (2.66)–(2.68) using the expansions (2.53), (2.54), the corresponding expansions for ^̄Λ, Φ̂, ^̄Φ and the expanded star product (2.18). From these expanded equations we can then determine the Seiberg-Witten maps order by order in C^{ij} for all considered superfields. To first order in C^{ij} we get the following equations

δ_ΛΣ^′ (Σ, V ) − δ_ΣΛ^′ (Λ, V ) = iC^{αβ}∂_αΛ∂_β Σ , (2.74) δ_ΛΣ̄^′ (Σ̄, V ) − δ_ΣΛ̄^′ (Λ̄, V ) = iC^{αβ}∂_αΛ̄∂_βΣ̄ , (2.75)

δ_ΛΦ^′ (Φ, V ) + iΛΦ^′ (Φ, V ) + iΛ^′ (Λ, V )Φ = i 2 C^{αβ}∂_αΛ∂_β Φ (2.76)

δ_ΛΦ̄^′ (Φ̄, V ) − iΛ̄Φ̄^′ (Φ̄, V ) + iΛ̄^′ (Λ̄, V )Φ̄ = i 2 C^{αβ}∂_αΛ̄∂_βΦ̄ (2.77)

δ_ΛV^′ (V ) − iΛ^′ (Λ, V ) + iΛ̄^′ (Λ̄, V ) = i 2 C^{αβ}∂_α(Λ + Λ̄)∂_β V . (2.78)

We will now look for solutions of these equations.

2.7 Seiberg-Witten map for the gauge parameters

For the gauge parameter Λ^′ there exist a local, chiral and N = (1/2, 0) supersymmetric Seiberg-Witten map. It is

Λ^′ (Λ, V ) = − 1 2 C^{αβ}∂_αΛ∂_βMV , (2.79)

where M is the N = (1/2, 0) chiral projector [57] M = 1 16□ D̄^2D^αM_α , (2.80)

with M_α(y) = −∂_α + 2iσ^m_{αα̇}θ̄^{α̇}∂_m , (2.81)

For the gauge parameter Λ̄^′ however, there does not exist a local, antichiral and N = (1/2, 0) supersymmetric solution. This can be shown using dimensional analysis.

The right hand side of the consistency condition (2.75) is linear in each of the classical superfields Λ̄ and Σ̄. All terms in the ansatz for Λ̄^′ which would contain powers of V can therefore solve only the homogeneous consistency condition because of (2.73). Hence we make an ansatz for Λ̄^′ only linear in V without loss of generality. Moreover Λ̄^′ has to be linear in the classical gauge parameter Λ̄ and by definition linear in C^{ij} or C^{αβ} respectively. In order to preserve the N = (1/2, 0) supersymmetry we may only use the bosonic derivatives ∂_m, the spinor derivative ∂_α, the spinor coordinate θ̄ and the covariant spinor derivatives (2.22) and (2.23). The mass dimensions of these objects are

[Λ̄^′ ] = [Λ̄] = [V ] = 0 , [C^{αβ} ] = −1 , ∂_m = 1

[∂_α] = 1 2 , [θ̄] = − 1 2 , [D_α] = [D̄_{α̇}] = 1 2 . (2.82)

– 10 –

It is not hard to see that there is only one term built out of this objects with mass dimension zero and which is local, antichiral, preserve the N = (1/2, 0) supersymmetry and have appropriate index contraction. It is Λ̄^′ = aC^{αβ}∂_αΛ̄D^2θ̄θ̄V . (2.83)

where a is a constant. It is obvious that there is no choice of this constant such that (2.83) is a solution of the equation (2.75). Thus we have shown that for Λ̄^′ there is no local and antichiral solution which preserve the N = (1/2, 0) supersymmetry.

Using the same method one could show that even if we give up antichirality there is no local solution of equation (2.75) which preserve the N = (1/2, 0) supersymmetry. If we give up the N = (1/2, 0) supersymmetry there exists a local and antichiral expression, namely Λ̄^′ (Λ, V ) = 1 2 C^{αβ}∂_αΛ̄∂_βM̄ V , (2.84)

which solves the equation (2.75). M̄ is the N = (0, 1/2) antichiral projector [57]

M̄ = 1 16□ D^2D̄_{α̇}M̄^{α̇} , (2.85)

with M̄^{α̇}(y) = − ¯∂^{α̇} + 4iσ̄^{m α̇α}θ_α∂_m . (2.86)

Nonlocal Seiberg-Witten maps for Λ^′ and Λ̄^′ are

Λ^′ (Λ, V ) = − 1 2 C^{αβ}∂_αΛ∂_β P V , (2.87)

Λ̄^′ (Λ̄, V ) = 1 2 C^{αβ}∂_αΛ̄∂_βP̄ V . (2.88)

where P and P̄ are the covariant chiral and antichiral superfield projectors P = D̄2D2 16□ , P̄ = D^2D̄^2 16□ . (2.89)

These solutions preserve the N = (1/2, 0) supersymmetry and are chiral and antichiral, respectively. The component expansion of these solutions in the Wess-Zumino gauge are

Λ^′ = 0 , (2.90) Λ̄^′ = θ̄θ̄C^{ij}∂_iα∂^j □ (d − i∂^mv_m) . (2.91)

We will now look for solutions of the equations (2.76)–(2.78).

2.8 Seiberg-Witten maps for the matter and gauge fields It is not hard to find solutions of the equations (2.76)–(2.78) which correspond to the nonlocal solutions for Λ^′ (2.85) and Λ̄^′ (2.86). They are

Φ^′ (Φ, V ) = − 1 2 C^{αβ}∂_αΦ∂_βP V , (2.92)

Φ̄^′ (Φ̄, V ) = 1 2 C^{αβ}∂_αΦ̄∂_βP̄ V , (2.93)

V^′ (V ) = − 1 2 C^{αβ}∂_αV ∂_β P V + 1 2 C^{αβ}∂_αV ∂_βP̄ V − 1 2 C^{αβ}∂_αP V ∂_βP̄ V . (2.94)

– 11 –

The component expansion of these superfields in Wess-Zumino gauge are

Φ^′ (y, θ) = A^′ (y) + √ 2θψ^′(y) , (2.95) Φ̄^′ (y, θ̄) = θ̄θ̄F̄^′ (y) , (2.96) V^′ (y, θ, θ̄) = θ̄χ̄^′(y) + θ̄θ̄M(y) − θσ^mθ̄v^′_m(y) − iθ̄θ̄θλ^′(y) , (2.97) where the Seiberg-Witten maps for the component fields are A^′ (ψ, λ̄) = 1 √ 2 C^{ij} ψσ_j ∂_i □ λ̄ , (2.98) ψ^′_α(F, λ̄) = C^{ij} ( σ_j ∂_i □ λ̄ ) α F , (2.99) F̄^′ (A, v, d) = −C^{ij}∂_iα∂^j □ (d − i∂^mv_m) , (2.100) χ̄^{′α̇}(v, λ̄, d) = C^{ij} ( σ̄^mσ_j ∂_i □ λ̄ )_{α̇} ( ∂_m □ (d − i∂^nv_n) − 1 2 v_m ) , (2.101) M^′ (v, λ, λ̄, d) = − i 2 C^{ij} ( λσ_j ∂_i □ λ̄ + 1 2 v_j ∂_i □ (d − i∂^nv_n) ) , (2.102)

v^′_m(λ̄) = i 2 C^{ij} ∂_i □ λ̄σ̄_jσ_mλ̄ , (2.103) λ^′_α(v, λ̄, d) = i 2 C^{ij} ( σ_j ∂_i □ λ̄(d − i∂^nv_n) + 1 2 σ_jλ̄ ∂_i □ (d − i∂^nv_n) ) . (2.104)

As expected, this maps are nonlocal and did not coincide with the original ones proposed by Seiberg and Witten when the superpartner fields are set to zero.

The Seiberg-Witten maps for the matter and gauge fields which correspond to the solutions (2.79) and (2.84) are obtained by replacing P with M and P̄ with M̄ in equations (2.92)–(2.94). In Wess-Zumino gauge these maps simplify to

Φ^′ (Φ, V ) = 0 , (2.105) Φ̄^′ (Φ̄, V ) = 1 2 C^{αβ}∂_αΦ̄∂_βM̄V , (2.106)

V^′ (V ) = 1 2 C^{αβ}∂_αV ∂_βM̄V , (2.107)

since in this gauge ∂_αMV = 0. It is clear that these solutions breke tha N = (1/2, 0) supersymmetry because of {Q, M̄} ≠ 0 . Furthermore this solutions are nonlocal as well. For this reasons we will not consider them further.

We come now to the Seiberg-Witten maps for the field strengths and the U(1) Yang- Mills Lagrange density.

2.9 Seiberg-Witten map for the field strengths and Yang-Mills action The expansion of the gauge field (2.53) induce a expansion of the fieldstrengths in terms of the non(anti)commutative parameter C^{αβ}

Ŵ_α = W_α + W^′_α(V, C^{αβ} ) + o(C^2) , (2.108) ^̄W_{α̇} = W̄_{α̇} + W̄^′_{α̇}(V, Cαβ ) + o(C2) . (2.109)

– 12 –

The Seiberg-Witten map for the field strengths can be determined from equations (2.36) and (2.37). In the Wess-Zumino gauge we get to first order in C^{αβ}

W^′_α(V ) = − 1 4 D̄^2 ( D_αV^′ + 1 2 C^{βγ} ∂_βD_αV ∂_βV ) , (2.110)

W̄^′_{α̇}(V ) = −1 4 D^2 ( D_{α̇}V^′ − 1 2 C^{β,γ}∂_β D_{α̇}V ∂_βV ) . (2.111)

It is obvious that these Seiberg-Witten maps are also nonlocal. With (2.97) we obtain for the expansion of W^′_α and W̄^′_{α̇} in terms of clasical component fields

W^′_α(y, θ) = −iλ^′_α − i(σ^m∂_mχ̄^′)_α − i(σ^mσ̄^nθ)_α∂_mv^′_n + + i 2 C^{ij}(σ_jλ̄)_αv_i + 1 2 C^{ij}(σ_{ij} θ)_αλ̄λ̄ , (2.112) W̄^′_{α̇}(ȳ, θ̄) = −i(θ̄σ̄^mσ^n)_{α̇}∂_mv^′_n + +θ̄θ̄ ( □χ̄^′_{α̇} + (∂_mλ^′σ^m)_{α̇} + C^{ij}∂_j (λ̄_{α̇}v_i) − 1 2 C^{ij}∂_m(v_iλ̄σ̄^mσ_j )_{α̇} ) , (2.113)

where χ̄^′, v^′_m and λ^′ are given in (2.101), (2.103) and (2.104).

The Yang-Mills Lagrange density expanded up to first order in C^{ij} is

L_{Y M} = Ŵ^α ∗ Ŵ_α|_{θθ} + ^̄W_{α̇} ∗ ^̄W^{α̇}|¯_θ¯_θ

= L_{Y M} (C = 0) + 2W^αW^′_α|_{θθ} + 2W̄^′_{α̇}W̄^{α̇}|¯_θ¯_θ + o(C^2) . (2.114)

With the equations (2.112) and (2.113) we obtain up to total derivatives W^αW^′_α|_{θθ} = iλ̄□χ̄^′ + i∂_mλ^′σ^mλ̄ + id∂^mv^′_m − 1 2 f^{SD}_{ab} f^{′ab} − − i 2 C^{ij}∂_mλ̄σ̄^mσ_jλ̄v_i − i 2 C^{ij}f_{ij}λ̄λ̄ , (2.115)

W̄^′_{α̇}W̄^{α̇}|_{θ̄θ̄} = iλ̄□χ̄^′ + ∂_mλ^′σ^mλ̄ + id∂^mv^′_m − 1 2 f^{ASD}_{ab} f^{′ab} + + i 2 C^{ij}λ̄σ̄^mσ_j ∂_mλ̄v_i − i 2 C^{ij}f_{ij}λ̄λ̄ , (2.116)

where f^′_{ab} = ∂_av^′_b −∂_bv^′_a and f^{SD}_{ab} and f^{ASD}_{ab} are the selfdual and antiselfdual field strengths, respectively. It is obvious that L_{Y M} (2.114) is nonlocal due to the fields χ̄^′, λ^′ and v^′_m. It is also worth noticing, that this Lagrange density has also the same term as the Lagrange density (2.47).

The Lagrange density (2.114) differs from the Lagrange density (2.47) by one local and three nonlocal terms. Thus, the Lagrange density (2.114) is nonlocal, as expected.

3. N = (1/2, 1/2) deformed euclidean superspace

We consider now the following deformed superspace [27, 54]: [x̂^i, x̂^j ] = θ̄θ̄C^{ij} , R̂ : [x̂i, θ̂α] = −iCαβσm_{ββ̇} ^̄θ^˙β , [x̂i, ^̄θ^˙β] = 0 , {θ̂^α, θ̂^β} = C^{αβ} , {^̄θ^{α̇}, ^̄θ^{β̇}} = {θ̂^α, ^̄θ^{α̇}} = 0 , (3.1)

– 13 – where the equations (2.2)–(2.4) still hold. The noncommutative functions, fields and derivatives are again defined as in (2.6)–(2.9). The algebra (3.1) is also covariant under the group of classical supertranslations (2.10).

It is convenient to use the chiral coordinates y^m = x^m + iθσ^mθ̄ instead of x^m. One may readily check that the (anti)commutation relations (3.1) become [ŷ^i, ŷ^j ] = 4θ̄θ̄C^{ij} , R̂ : [ŷi, θ̂α] = −2iCαβσm_{ββ̇} ^̄θ^˙β , [ŷi, ^̄θ^˙β] = 0 , {θ̂^α, θ̂^β} = C^{αβ} , {^̄θ^{α̇}, ^̄θ^{β̇}} = {θ̂^α, ^̄θ^{α̇}} = 0 . (3.2)

On this deformed chiral superspace the generators of supertranslation and the covariant deivatives have the same form and the same anticomutation relations as in sections 2.1 and 2.3. The chiral and anichiral superfields are also defined in standard way, namely ^̄D_{α̇}Φ̂ = 0 and D̂_{α̇} ^̄Φ = 0.

The star product is given by

F (θ) ∗ G(θ) = exp ( − 1 2 C^{αβ}D^F_α D^G_β ) F (θ) G(θ) (3.3)

where D^F_α acts only on F and D^G_β acts only on G, e.g.

D^G_β (F G) = (−1)^{p(F )}D_βG . (3.4)

Although the star product (3.3) preserves the N = (1/2, 1/2) supersymmetry, it does not allow to define chiral superfields which form subalgebras of the star product. For this reson the deformation (3.2) leads for the Wess-Zumino model to the same lagrangian as the deformation (2.5), preserving only the N = (1/2, 0) supersymmetry [27, 54].

The gauge theory can be constructed following section 2.4. The equations (2.30)–(2.39) still hold. Moreover, in [54] it was demonstrated that also the Yang-Mills actions on both superspaces are equivalent. Because of equation (2.33) we can consider again only gauge theories with U(N) gauge groups. To consider gauge theories with SU(N) gauge groups we have to determine the Seiberg-Witten map.

3.1 Construction of the Seiberg-Witten maps in terms of superfields The steps in constructing the Seiberg-Witten maps are the same as in section2.6. The equations (2.65)–(2.73) did not change. We consider here again the abelian case. With the star product (3.3) we get the following equations from which the Seiberg-Witten maps to first order in C^{ij} can be determined:

δ_ΛΣ^′ (Σ, V ) − δ_ΣΛ^′ (Λ, V ) = iC^{αβ}D_αΛD_βΣ , (3.5) δ_ΛΣ̄^′ (Σ̄, V ) − δ_ΣΛ̄^′ (Λ̄, V ) = 0 , (3.6)

δ_ΛΦ^′ (Φ, V ) + iΛΦ^′ (Φ, V ) + iΛ^′ (Λ, V )Φ = i 2 C^{αβ}D_αΛD_βΦ , (3.7)

δ_ΛΦ̄^′ (Φ̄, V ) − iΛ̄Φ̄^′ (Φ̄, V ) + iΛ̄^′ (Λ̄, V )Φ̄ = 0 , (3.8)

δ_ΛV^′ (V ) − iΛ^′ (Λ, V ) + iΛ̄^′ (Λ̄, V ) = i 2 C^{αβ}D_αΛD_βV . (3.9)

We will now look for solutions of these equations.

– 14 –

3.2 Seiberg-Witten maps for gauge parameters First of all we have to find solutions for Λ^′ and Λ̄^′ since the Seiberg-Witten maps for the matter fields and the gauge field depend on them. For Λ̄^′ we can simply take Λ̄^′(Λ, V ) = 0 , (3.10)

which is a solution of the equation (3.6). The other solutions of the equation (3.6) either breake the N = (1/2, 1/2) supersymmetry or locality. This is obvious from dimensional analysis. The mass dimension of Λ̄^′ is zero (2.82). The Seiberg-Witten map for Λ̄^′ contains at least Λ̄, C^{αβ} or C^{ij} respectively and the gauge invariant field strengths W_α or W̄_{α̇}. The mass dimension of these three objects is

[CΛW ] = 1 2 . (3.11)

In order to get the right mass dimension we have to use operators with negativ mass dimension. One posibility is to use θ̄θ̄, e.g.

Λ̄^′ (Λ̄, W ) ∼ C^{αβ}θ̄θ̄Λ̄D_αW_β , (3.12)

but these solutions possess only N = (1/2, 0) symmetry. The other posibility is to use nonlocal operators, e.g Λ̄^′ (Λ̄, W̄ ) ∼ C^{αβ}σ^m_{αα̇}D̄^{α̇}Λ̄ ∂^m □ W_β . (3.13)

It is not hard to see that the Seiberg-Witten equations for Λ̄^{′′}, Λ̄^{′′′}, . . ., are of homogenous type like equation (3.6), e.g.

δ_ΛΣ̄^{′′} (Σ̄, V ) − δ_ΣΛ̄^{′′} (Λ̄, V ) = 0 . (3.14)

This is the case because of the star product (3.3). Thus we can take the trivial solution for all these fields and get ^̄Λ = Λ̄ , (3.15)

which means that the antichiral gauge parameter remains undeformed.

We come now to the solutions for Λ^′ . From equation (3.5) it is obvious that Λ^′ must contain the nonchiral term D_αΛ. Thus there does not exist a chiral Seiberg-Witten map for Λ^′ which solves equation (3.5). A nochiral, local and N = (1/2, 1/2) supersymmetric solution is Λ^′ (Λ, V ) = − 1 2 C^{αβ}D_αΛD_βV . (3.16)

The component expansion of this solution is Λ̄^′ = C^{ij}θ̄θ̄ (iv_i∂_j α + θσ_jλ̄∂_iα) . (3.17)

We can find easily further solutions for Λ^′ using the chiral projectors P (2.89) and M (2.80). These are

Λ^′ (Λ, V ) = − 1 2 C^{αβ}D_αΛD_βP V , (3.18)

Λ^′ (Λ, V ) = − 1 2 C^{αβ}D_αΛD_βMV . (3.19)

– 15 –

These solutions are not only nonchiral but also nonlocal, since P V (y) = 1 2□ (d − i∂^mv_m) − θσ^m ∂_m □ λ̄ , (3.20) MV (y) = − 1 □ (d − i∂^mv_m) . (3.21) Moreover, the solution (3.21) possesses just the N = (1/2, 0) supersymmetry.

Now we want to find solutions for the equations (3.7)–(3.9) which correspond to the solution (3.10) and to the solutions (3.16), (3.18) and (3.19), respectively. It is clear that in this case equations (3.7) and (3.9) become δ_ΛΦ^′ (Φ, V ) + iΛΦ^′ (Φ, V ) = i 2 C^{αβ}D_αΛD_β Φ , (3.22)

δ_ΛV^′ (V ) − iΛ^′ (Λ, V ) = i 2 C^{αβ}D_αΛD_β V . (3.23) 3.3 Seiberg-Witten maps for matter and gauge fields The Seiberg-Witten map for Φ̄^′ which corresponds to the solution (3.10) is simply Φ̄^′ (Φ̄, V ) = 0 . (3.24) For the field Φ̄^′ it can be shown in exactly the same manner as for the field Λ̄^′ in previous section, that we can take the trivial Seiberg-Witten map to all orders in C^{αβ} Φ̄^{′′} = Φ̄^{′′′} = Φ̄^{′′′′} = · · · = 0 , (3.25) and get ^̄Φ = Φ̄ , (3.26) which means that the antichiral matter field remain undeformed.

Among the solutions for Φ^′ and V^′ which correspond to the solution (3.16) for Λ^′ , there are also the trivial solutions Φ^′ (Φ, V ) = V^′ (V ) = 0 . (3.27) Thus, in this case to first order in C^{αβ} only the gauge parameter field is deformed whereas all other fields remain undeformed.

The Seiberg-Witten maps for Φ^′ and V^′ which correspond to the solution (3.18) are Φ^′ (Φ, V ) = − 1 2 C^{αβ}D_αΦD_βP V , (3.28)

V^′ (V ) = − 1 2 C^{αβ}D_αV D_β P V , (3.29) and which correspond to the solution (3.19) are Φ^′ (Φ, V ) = − 1 2 C^{αβ}D_αΦD_β MV , (3.30)

V^′ (V ) = − 1 2 C^{αβ}D_αV D_βMV . (3.31) respectively. It is obvious that all this solutions are nonlocal due to equations (3.20) and (3.21). Furthermore, the Seiberg-Witten maps (3.28) and (3.30) for the matter field Φ^′ are nonchiral and the later possesses only the N = (1/2, 0) supersymmetry.

– 16 –

4. Conclusions

We have considered Seiberg-Witten maps for superfields on the N = (1/2, 0) and the N = (1/2, 1/2) deformed superspaces. We have shown that on the N = (1/2, 0) deformed superspace there is no Seiberg-Witten map for antichiral superfields which is at the same time antichiral, local and which preserve the N = (1/2, 0) supersymmetry. Solutions wich break this requirements were presented.

On the N = (1/2, 1/2) deformed superspace we have shown that for the chiral gauge parameter, and therefore also for the chiral matter field, there is no chiral Seiberg-Witten map. Some other possible Seiberg-Witten maps for the superfields were presented. It is worth noticing that the antichiral fields remain undeformed on this superspace.

Acknowledgments

I want to thank Fabian Bachmaier, Branislav Jurco and Ivo Sachs for useful discussions. I also wish to thank Julius Wess for drawing my attention to noncommutative superspaces.

References

[1] A. Konechny and A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, Phys. Rept. 360 (2002) 353 [hep-th/0012145];

Introduction to M(atrix) theory and noncommutative geometry, II, Phys. Rept. 360 (2002) 353 [hep-th/0107251].

[2] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[3] R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207 [hep-th/0109162].

[4] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

[5] M.R. Douglas and C.M. Hull, D-branes and the noncommutative torus, J. High Energy Phys.

02 (1998) 008 [hep-th/9711165].

[6] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[7] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative spaces, Eur. Phys. J. C 16 (2000) 161 [hep-th/0001203].

[8] B. Jurco, S. Schraml, P. Schupp and J. Wess, Enveloping algebra valued gauge transformations for non-abelian gauge groups on non-commutative spaces, Eur. Phys. J. C 17 (2000) 521 [hep-th/0006246].

[9] B. Jurco, P. Schupp and J. Wess, Nonabelian noncommutative gauge theory via noncommutative extra dimensions, Nucl. Phys. B 604 (2001) 148 [hep-th/0102129].

[10] B. Jurco, L. Moller, S. Schraml, P. Schupp and J. Wess, Construction of non-abelian gauge theories on noncommutative spaces, Eur. Phys. J. C 21 (2001) 383 [hep-th/0104153].

– 17 –

[11] S. Terashima, A note on superfields and noncommutative geometry, Phys. Lett. B 482 (2000) 276 [hep-th/0002119].

[12] A. Armoni, Comments on perturbative dynamics of non-commutative Yang-Mills theory, Nucl. Phys. B 593 (2001) 229 [hep-th/0005208].

[13] L. Bonora, M. Schnabl, M.M. Sheikh-Jabbari and A. Tomasiello, Noncommutative SO(n) and Sp(n) gauge theories, Nucl. Phys. B 589 (2000) 461 [hep-th/0006091].

[14] I. Bars, M.M. Sheikh-Jabbari and M.A. Vasiliev, Noncommutative o_∗(N) and usp_∗(2N) algebras and the corresponding gauge field theories, Phys. Rev. D 64 (2001) 086004 [hep-th/0103209].

[15] M. Chaichian, P. Prešnajder, M.M. Sheikh-Jabbari and A. Tureanu, Noncommutative gauge field theories: a no-go theorem, Phys. Lett. B 526 (2002) 132 [hep-th/0107037].

[16] M. Hayakawa, Perturbative analysis on infrared aspects of noncommutative QED on R^4, Phys. Lett. B 478 (2000) 394 [hep-th/9912094].

[17] M. Hayakawa, Perturbative analysis on infrared and ultraviolet aspects of noncommutative QED on R^4, hep-th/9912167.

[18] X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, The standard model on non-commutative space-time, Eur. Phys. J. C 23 (2002) 363 [hep-ph/0111115].

[19] P. Aschieri, B. Jurco, P. Schupp and J. Wess, Non-commutative GUTs, standard model and C, P, T, Nucl. Phys. B 651 (2003) 45 [hep-th/0205214].

[20] C.-S. Chu and F. Zamora, Manifest supersymmetry in non-commutative geometry, J. High Energy Phys. 02 (2000) 022 [hep-th/9912153].

[21] H. Ooguri and C. Vafa, The C-deformation of gluino and non-planar diagrams, Adv. Theor.

Math. Phys. 7 (2003) 53 [hep-th/0302109].

[22] H. Ooguri and C. Vafa, Gravity induced C-deformation, Adv. Theor. Math. Phys. 7 (2004) 405 [hep-th/0303063].

[23] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, J. High Energy Phys. 06 (2003) 010 [hep-th/0305248].

[24] J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078].

[25] S. Ferrara and M.A. Lledo, Some aspects of deformations of supersymmetric field theories, J.

High Energy Phys. 05 (2000) 008 [hep-th/0002084].

[26] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant.

Grav. 20 (2003) 2905 [hep-th/0104190].

[27] S. Ferrara, M.A. Lledo and O. Macia, Supersymmetry in noncommutative superspaces, J.

High Energy Phys. 09 (2003) 068 [hep-th/0307039].

[28] M. Hatsuda, S. Iso and H. Umetsu, Noncommutative superspace, supermatrix and lowest Landau level, Nucl. Phys. B 671 (2003) 217 [hep-th/0306251].

[29] J.-H. Park, Superfield theories and dual supermatrix models, J. High Energy Phys. 09 (2003) 046 [hep-th/0307060].

– 18 –

[30] R. Britto, B. Feng and S.-J. Rey, Deformed superspace, N = 1/2 supersymmetry and (non)renormalization theorems, J. High Energy Phys. 07 (2003) 067 [hep-th/0306215].

[31] R. Britto, B. Feng and S.-J. Rey, Non(anti)commutative superspace, UV/IR mixing and open Wilson lines, J. High Energy Phys. 08 (2003) 001 [hep-th/0307091].

[32] M.T. Grisaru, S. Penati and A. Romagnoni, Two-loop renormalization for nonanticommutative N = 1/2 supersymmetric WZ model, J. High Energy Phys. 08 (2003) 003 [hep-th/0307099].

[33] R. Britto and B. Feng, N = 1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett. 91 (2003) 201601 [hep-th/0307165].

[34] A. Romagnoni, Renormalizability of N = 1/2 Wess-Zumino model in superspace, J. High Energy Phys. 10 (2003) 016 [hep-th/0307209].

[35] O. Lunin and S.-J. Rey, Renormalizability of non(anti)commutative gauge theories with N = 1/2 supersymmetry, J. High Energy Phys. 09 (2003) 045 [hep-th/0307275].

[36] J. Levell and G. Travaglini, Effective actions, Wilson lines and the IR/UV mixing in noncommutative supersymmetric gauge theories, J. High Energy Phys. 03 (2004) 021 [hep-th/0308008].

[37] D. Berenstein and S.-J. Rey, Wilsonian proof for renormalizability of N = 1/2 supersymmetric field theories, Phys. Rev. D 68 (2003) 121701 [hep-th/0308049].

[38] R. Abbaspur, Scalar solitons in non(anti)commutative superspace, hep-th/0308050.

[39] A. Imaanpur, On instantons and zero modes of N = 1/2 SYM theory, J. High Energy Phys.

09 (2003) 077 [hep-th/0308171].

[40] A. Imaanpur, Comments on gluino condensates in N = 1/2 SYM theory, J. High Energy Phys. 12 (2003) 009 [hep-th/0311137].

[41] P.A. Grassi, R. Ricci and D. Robles-Llana, Instanton calculations for N = 1/2 super Yang-Mills theory, hep-th/0311155.

[42] R. Britto, B. Feng, O. Lunin and S.-J. Rey, U(N) instantons on N = 1/2 superspace: exact solution and geometry of moduli space, hep-th/0311275.

[43] M. Billo, M. Frau, I. Pesando and A. Lerda, N = 1/2 gauge theory and its instanton moduli space from open strings in RR background, hep-th/0402160.

[44] N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, J. High Energy Phys. 07 (2003) 010 [hep-th/0306226].

[45] S. Terashima and J.-T. Yee, Comments on noncommutative superspace, J. High Energy Phys.

12 (2003) 053 [hep-th/0306237].

[46] T. Araki, K. Ito and A. Ohtsuka, Supersymmetric gauge theories on noncommutative superspace, Phys. Lett. B 573 (2003) 209 [hep-th/0307076].

[47] M. Chaichian and A. Kobakhidze, Deformed N = 1 supersymmetry, hep-th/0307243.

[48] E. Ivanov, O. Lechtenfeld and B. Zupnik, Nilpotent deformations of N = 2 superspace, J.

High Energy Phys. 02 (2004) 012 [hep-th/0308012].

[49] S. Ferrara and E. Sokatchev, Non-anticommutative N = 2 super-Yang-Mills theory with singlet deformation, Phys. Lett. B 579 (2004) 226 [hep-th/0308021].

– 19 –

[50] M. Alishahiha, A. Ghodsi and N. Sadooghi, One-loop perturbative corrections to non(anti)commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory,

hep-th/0309037.

[51] A. Sako and T. Suzuki, Ring structure of SUSY ∗ product and 1/2 SUSY Wess-Zumino model, Phys. Lett. B 582 (2004) 127 [hep-th/0309076].

[52] B. Chandrasekhar and A. Kumar, D = 2, N = 2, supersymmetric theories on non(anti)commutative superspace, J. High Energy Phys. 03 (2004) 013 [hep-th/0310137].

[53] T. Araki, K. Ito and A. Ohtsuka, N = 2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace, J. High Energy Phys. 01 (2004) 046 [hep-th/0401012].

[54] C. Saemann and M. Wolf, Constraint and super Yang-Mills equations on the deformed superspace R^{(4|16)}_ℏ ,J. High Energy Phys. 03 (2004) 048 [hep-th/0401147].

[55] T. Inami and H. Nakajima, Supersymmetric CP^N sigma model on noncommutative superspace, hep-th/0402137.

[56] A. Imaanpur and S. Parvizi, N = 1/2 super Yang-Mills theory on euclidean AdS_2 × S^2,

hep-th/0403174.

[57] D. Mikulovic, Seiberg-Witten map for superfields on canonically deformed N = 1, D = 4 superspace, J. High Energy Phys. 01 (2004) 063 [hep-th/0310065].

[58] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press, Princeton 1992.

[59] JADE collaboration, D. Pitzl et al., A study of photon production in hadronic events from e^+e^− annihilation, Z. Physik C 46 (1990) 1.

[60] J.E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Phil. Soc. 45 (1949) 99. [61] V. Putz and R. Wulkenhaar, Seiberg-Witten map for noncommutative super Yang-Mills theory, Int. J. Mod. Phys. A 18 (2003) 3325 [hep-th/0205094].

[62] O.F. Dayi, K. Ulker and B. Yapiskan, Duals of noncommutative supersymmetric U(1) gauge theory, J. High Energy Phys. 10 (2003) 010 [hep-th/0309073].

– 20 –